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Abstract
We systematically study all supersymmetric solutions of six-dimensional (2, 0) supergrav-
ity with a null isometry. In particular, every such solution with at least four real supersym-
metries is also a supersymmetric solution of a (1, 0) theory preserving the same absolute
amount of supersymmetry. This implies that no genuinely new solutions of this type can
be found in this framework. The microstate geometries associated to supersymmetric black
holes within Mathur’s proposal are generically supersymmetric solutions of six-dimensional
supergravity. A direct consequence of our result is that supersymmetric microstate geome-
tries of single centre supersymmetric black holes should carry only one compact 3-cycle.
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1 Introduction
One of the most fascinating problems in quantum gravity is the black hole information para-
dox [1, 2]. In string theory the Bekenstein–Hawking entropy is understood to be associated
with an exponentially large number of states which can be interpreted as string excitations
with D-brane boundary conditions in a weakly coupled regime [3]. This, by itself, does not
yet provide a resolution of the paradox. Nevertheless, there are indications that in string
theory the physics at the horizon scale may be sufficiently modified by quantum effects to
resolve the paradox [4–9].
Mathur proposed that the exponentially large number of accessible quantum states al-
lows for non-negligible quantum effects, despite the fact that the Riemann tensor measured
in Planck units is very small in the vicinity of the horizon of a large black hole [2]. He
furthermore proposes that one may be able to test this hypothesis semi-classically in some
regime of superstring theory [4, 10].
For a classical globally hyperbolic solution in supergravity, one may consider that there
exists a quantum gravity state that is well approximated on a Cauchy surface Σ by a Dirac
distribution type wave functional, peaked on the pullback of this classical solution onto the
Cauchy surface. When quantum effects are negligible, the evolution of such a state should
be such that it is defined by the time evolution of the classical solution itself, so that in
particular, a stationary solution would correspond to a stationary state. This picture cannot
1
be directly applied to a black hole, which is not globally hyperbolic by essence. But a slight
generalisation of the same picture is to consider instead a quantum state that is a linear
superposition of microstates which would themselves be such Dirac distribution type wave
functionals peaked on slices of globally hyperbolic solutions. From this point of view, a
black hole would be in a quantum superposition of a very large number of microstates which
could individually be described semi-classically as peaked distributions on classical smooth
globally hyperbolic solutions. The microstate geometries associated to a given black hole are
constrained to have the same asymptotic charges as the black hole solution.
If one could define the whole set of microstate geometries associated to a given black
hole, one could in principle compute any observable of the black hole as a quantum av-
erage over some distribution of the same amplitude computed in the background of each
microstate separately. For example, one would expect that the gravitational attraction of a
microstate geometry does not necessarily capture a test particle for generic incoming bound-
ary conditions [11]. The black hole, on the other hand, captures the test particle if the
impact parameter is small enough. The average of the evolution over a large enough set
of microstate geometries should therefore reproduce the capture for a small enough impact
parameter. Ideally, all classical observables computed in the microstate geometry should
reproduce, after average, the observables computed in the black hole background to an ex-
cellent approximation.
However, it is not clear that one can construct a complete basis of microstates as such
peaked distribution on microstates geometry. And even if this were possible, one may wonder
if the typical solutions do not involve arbitrary small cycles such that one could not simply
use them as classical backgrounds without neglecting quantum corrections. For this purpose
it was suggested in [9] to distinguish between microstate geometries, that are differentiable
manifolds with an everywhere small Riemann tensor in Planck units, from microstate solu-
tions, that possibly involve mild singularities which can be resolved in perturbative string
theory, like orbifold singularities, and a bounded Riemann tensor, but not necessarily small
in Planck units. For microstate geometries one can use supergravity as an effective theory,
while for microstate solutions one needs to take string theory corrections into account. They
also propose a third class, the fuzz-balls, that would be genuinely non-perturbative string
theory quantum states for which there is no supergravity approximation. A large class of
these geometries has been built explicitly. One can distinguish two main types of solutions.
Firstly, the multi-bubble solutions that are regular in five dimensions and usually involve
several cycles [5, 12–19], and secondly, the supertube solutions that usually only involve
one cycle and are regular in six dimensions [20–25]. Both types can also be combined, but
this has not been done explicitly for the co-dimension one generic solutions [22–25], which
are called superstrata. One may also consider solutions that are only smooth locally, but
for which the patching between open sets would involve U-duality transformations [26–29].
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The original supertube solutions are microstate geometries describing small black holes that
have a vanishing horizon in classical supergravity. It has been exhibited that their typical
microstates solutions involve arbitrarily small cycles for which one cannot trust the super-
gravity approximation [30–34]. One may wonder if the same problem occurs for three-charge
black hole that carry a microscopic horizon, but one may hope that arbitrarily small cycles
are only required when the horizon itself is small in string scale units.
For a given black hole, a microstate geometry is defined as a globally hyperbolic smooth
solution with the same asymptotic charges as the black hole. One should in principle won-
der about the uniqueness of the black hole solution. For a non-extremal asymptotically
Minkowski black hole in four dimensions, the solution is uniquely determined by its total
mass, angular momentum and electromagnetic charges. But for BPS black holes one must
distinguish a single centre black hole with a unique horizon from bound states of black holes
that carry the same electromagnetic charges and total energy [35]. The situation is even
more complicated for black holes in five dimensions, because there the horizon can admit
different topologies [36, 37], and black objects can also be surrounded by topological cycles
carrying flux [38]. In four dimensions a BPS black hole has no angular momentum, so a
microstate geometry associated to the black hole should have no angular momentum either,
or at least one should find that the angular momentum vanishes in average on the set of mi-
crostate geometries. But there are also multi-centre black hole bound states without angular
momentum, and one must distinguish their microstate geometries. Such black hole bound
states have the property that they do not exist for arbitrary asymptotic values of the scalar
fields. Therefore, the microstate geometries associated to the single-centre black hole can be
distinguished by the requirement that they exist everywhere in moduli space.
For a supersymmetric black hole, which type of microstate geometries preserving the
same supersymmetry exist at generic values of the moduli? This is the question we shall
investigate in this paper. For this purpose we consider the effective supergravity description
for type IIB string theory on T 4 or K3, which is a supergravity theory in six spacetime di-
mensions of type (2,2) or (2,0) respectively. In the maximal case, we shall only consider the
maximal (2,0) truncation, disregarding the vector fields. For a four-dimensional supersym-
metric black hole, the microstate geometries are asymptotically four-dimensional Minkowski
space times two circles fibred over the Minkowski base. The electromagnetic charges of the
four-dimensional black hole originate geometrically from the momentum along the two cir-
cles and their fibration over the base, as well as from the 3-form fluxes of the six-dimensional
3-form field strengths. The 3-form fluxes are supported by 3-cycles of the Euclidean base
space of the microstate geometry, and in string theory each individual flux is constrained
to belong to an even-selfdual lattice. We shall find that the solutions only exist for generic
values of the asymptotic scalar fields if all the fluxes associated to the different 3-cycle are
proportional to each other, and therefore rational multiples of the total flux associated to the
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black hole. This seems to mean that the superstratum microstate geometries found in [22–25]
indeed describe black holes, while the multi-bubble type microstate geometries would rather
correspond to bound states of black holes. Multi-bubble geometries always involve more
than one cycle with linearly independent fluxes and therefore do not exist everywhere in
moduli space.
Supersymmetric solutions of supergravity theories have been characterized for the first
time in [39] following results of [40] for the case of pure N = 2, d = 4 supergravity by assum-
ing the existence of a Killing spinor and constructing bosonic objects from its bilinears. In
six dimensions this method was first applied in [41] on pure (1, 0) supergravity, not coupled
to any matter multiplets. This work was later extended to Fayet-Iliopoulos-gauged super-
gravity with vector multiplets and one tensor multiplet in [42], to ungauged supergravity
with an arbitrary number of tensor multiplets in [43] and finally to ungauged supergravity
with vector, tensor as well as hypermultiplets in [44]. It was discovered in [45] that the
underlying equations of these solutions exhibit a linear structure, and specific solutions have
been constructed in [22,25,46–51]. For the six-dimensional (2, 0) theories, on the other hand,
so far only maximally supersymmetric solutions have been classified [52], see also [53].
It is one of the aims of this paper to fill this gap and to classify supersymmetric solutions
of six-dimensional (2, 0) supergravity coupled to an arbitrary number of tensor multiplets.
Notice, that this theory does not allow for any gaugings or massive deformations [54]. In
particular the former can easily be seen from the absence of any vector fields. Therefore, this
is already the most general (2, 0) theory. Supersymmetric solutions of supergravity theories
admit at least one isometry. The associated Killing vector field V can be obtained as a
bilinear of the Killing spinor ǫ, i.e. V µ = ǫ¯γµǫ. In the case at hand this isometry can be
either time-like or null, corresponding to V · V > 0 or V · V = 0. Black hole solutions in five
or four dimensions uplift to supersymmetric solutions in six dimensions with a null isometry.
Therefore, it is the second case of a null (i.e. light-like) isometry that is relevant to microstate
geometries, and hence this is the case we discuss in this paper. Here, we find that every
supersymmetric solution with four preserved supercharges (of the type allowing for a black
hole solution) is at the same time always also a supersymmetric solution of a (1, 0) theory,
preserving the same absolute amount of supersymmetry. Hence, it will not be possible to
find any genuinely new solutions with the same asymptotic metric as a supersymmetric black
hole.
This paper is organized as follows. In Section 2 we review (2, 0) supergravity in six
dimensions. In Section 3 we study its supersymmetric solutions and show that all solutions
with a null isometry are equivalent to solutions of a (1, 0) theory. Section 4 discusses some
implications on the construction of microstate geometries. In Section 5 we finally show that
at a generic point in moduli space every solution has parallel fluxes.
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2 Six-dimensional (2, 0) supergravity
In this section we review the relevant properties of (2, 0) six-dimensional, i.e. chiral (un-
gauged) half-maximal supergravity, which has been constructed in [55, 56].
The field content of the theory includes one gravity multiplet coupled to n tensor multi-
plets, which decompose as (
gµν , ψ
A
µ , B
I
µν , χ
Ar,VaI
)
, (2.1)
where gµν is the metric and ψ
A
µ , A = 1, . . . , 4, are symplectic Majorana–Weyl gravitini,
transforming in the fundamental representation of the R-symmetry group USp(4). The BIµν ,
I = 1, . . . , 5+n, are chiral tensor fields and transform as a vector under the global symmetry
group SO(5, n). Their field strengths GI = dBI satisfy a twisted selfduality equation that
we shall display shortly. The spin-1/2 fermions χAr, r = 1, . . . , n, are in the fundamental
representation of USp(4) as well as of SO(n). All fermions in the theory are chiral, we have
γ7ψ
A
µ = −ψAµ , γ7χAr = χAr . (2.2)
The tensor multiplets include 5n scalar fields that parametrize the coset manifold
M = SO(5, n)
SO(5)× SO(n) , (2.3)
through a coset representative in SO(5, n),
V = (VaI ,VrI) , I = 1, . . . , 5 + n . (2.4)
The coset representative satisfies
ηIJ = δabVaIVbJ − δrsVrIVsJ , (2.5)
where ηIJ is a metric of signature (5, n). After introducing
MIJ = δabVaIVbJ + δrsVrIVsJ , (2.6)
the twisted selfduality equation for the tensor fields reads
⋆ GI = MIJG
J . (2.7)
Thus Ga = VaIGI is selfdual while Gr = VrIGI is anti-selfdual.
This supergravity theory describes the low energy effective theory of a type IIB super-
string theory for n = 5 and n = 21. Type IIB string theory on a torus T 4, preserves all
supersymmetries and gives rise to (2, 2) supergravity in six dimensions. By removing the
two gravitini multiplets which include the 16 vector fields one obtains a truncation to (2, 0)
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supergravity coupled to 5 tensor multiplets. The corresponding SO(5, 5) metric is then the
metric of the even selfdual lattice II5,5 with split signature
η =
(
0 15
15 0
)
. (2.8)
The other possibility is type IIB string theory on K3, in which case the effective low energy
theory is (2, 0) supergravity with 21 tensor multiplets and the SO(5, 21) metric is the one of
the unique even selfdual lattice of signature (5, 19),
η =


0 15 0
15 0 0
0 0 −k

 , (2.9)
with k the metric of the E8 ⊕ E8 root lattice, i.e. its Cartan matrix.
Using the gamma matrices of Spin(5) ∼= USp(4) one can express the components VaI as
a symplectic traceless antisymmetric tensor of USp(4) with
VABI = V [AB]I , ωABVABI = 0 , (2.10)
where ωAB is the symplectic matrix with the conventions displayed in (A.3). The relation
(2.5) then becomes
ηIJ = VAB IVABJ − δrsVrIVsJ , (2.11)
where the USp(4) indices are raised and lowered using the symplectic matrix ωAB according
to (A.2). One decomposes the Maurer–Cartan form dVV−1 into its usp(4) component
(Qµ)A
B = VACI∂µVBCI , (2.12)
where we use ηIJ to raise and lower global SO(5, n) indices, e.g. VABI = ωACωBDηIJVCDJ ,
and its coset component
PAB rµ = −Vr I∂µVABI . (2.13)
(Qµ)A
B defines the USp(4) covariant derivative Dµ = ∇µ + Q. Its action on the coset
representative reads
DµVABI = ∂µVABI + 2(Qµ)C [AVB]CI , (2.14)
and therefore
DµVABI = PAB rµ Vr I , DµVrI = PAB rµ VAB I . (2.15)
The field strength corresponding to the connection (Qµ)A
B can be expressed in terms of
PAB rµ , i.e.
[Dµ, Dν]X
A =
[
2∂[µ
(
Qν]
)
B
A − 2 (Q[µ)B C (Qν])C A]XB = −2P[µBC rPAC rν] XB , (2.16)
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for any USp(4)-vector XA.
The bosonic equations of motion of the theory are given by
Eµν = Rµν − PAB rµ P rAB ν −MIJGIµκλGJν κλ = 0 , (2.17)
EAB r = DµPAB rµ −
2
3
GABµνρG
r µνρ = 0 , (2.18)
EI = d
(
⋆MIJG
J
)
= 0 . (2.19)
The last equation is a direct consequence of the twisted selfduality equation and the Bianchi
identity for the tensor fields. In practice, we shall mostly use the dressed (anti) selfdual
three-form field strengths GAB = VABIGI and Gr = VrIGI which transform respectively
as a vector under the compact R-symmetry group USp(4) and as a vector of the flavour
symmetry group SO(n). They satisfy the Bianchi identities
DGAB = δrsP
AB r ∧Gs , DGr = PAB r ∧GAB . (2.20)
We finally need to give the supersymmetry transformations of the fermionic fields. Under
a local supersymmetry transformation the gravitini vary as
δψAµ = Dµǫ
A − 1
2
GABµνρωBC γ
νρǫC . (2.21)
The supersymmetry variation of the tensorini reads
δχAr = iPAB rµ ωBCγ
µǫC +
i
12
Grµνργ
µνρǫA . (2.22)
Notice that ǫA inherits the chirality of the gravitini, i.e. γ7ǫ
A = −ǫA.
3 Supersymmetric solutions
In this section we discuss necessary and sufficient conditions for the existence of a supersym-
metric solution. Here we follow the approach of [41–44] on the classification of supersym-
metric solutions of six-dimensional (1, 0) supergravity.
Assuming that there is at least one spinor ǫA solving δψAµ = δχ
Ar = 0, one can construct
the following bi-linears
ωABVµ + V
AB
µ = ǫ¯
Aγµǫ
B , (3.1)
ΩABµνρ = ǫ¯
Aγµνρǫ
B . (3.2)
Here, we have split ǫ¯Aγµǫ
B into irreducible representations of USp(4),
V ABµ = V
[AB]
µ , ωABV
AB
µ = 0 , (3.3)
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i.e. it decomposes into a singlet and a vector of SO(5) ∼= USp(4)/Z2, whereas
ΩAB = ⋆ΩAB = Ω(AB) , (3.4)
transforms in the adjoint representation. Notice that all combinations of even rank vanish
identically due to the chirality of ǫA.
3.1 Algebraic constraints
Similarly to [41] one can use Fierz identities to show that
ǫ¯Aγµǫ
B ǫ¯CγµǫD = −1
2
εαβγδǫAαǫ
B
β ǫ
C
γ ǫ
D
δ = −
3
4
ω[ABωCD] det[ǫ] , (3.5)
so that
VµV
AB µ = 0 , V ABµ V
CDµ =
(
ωABωCD + 4ωC[AωB]D
)
VµV
µ . (3.6)
The reality condition on the spinor ǫAα ,
(ǫ∗)αA = ω
αβωABǫ
B
β , (3.7)
with the symplectic form ωαβ invariant under USp(4) ⊂ SU ∗(4) ∼= Spin(1, 5), implies that ǫ
as a non-zero four by four complex matrix must be of rank 2 or rank 4, because two of its
eigenvalues are the complex conjugates of the two others. We are going to see that a rank 4
ǫ is associated to supersymmetric solutions with a time-like isometry whereas a rank 2 ǫ is
associated to supersymmetric solutions with a light-like isometry. Note that for a non-zero
spinor ǫA, V µ and V µAB are both necessarily non-zero. From the supersymmetry variation of
the gravitini (2.21) one obtains that
∇µVν = −1
2
V σABG
AB
µνσ = −
1
2
V σa G
a
µνσ , (3.8)
such that V µ is a Killing vector.
This Killing vector is time-like if ǫ is of rank 4, in which case V and V a define an
orthogonal frame with V · V > 0 and V a · V b = −δabV · V , with ǫ defining the identification
of the internal USp(4) with the spin group. On the other hand, if ǫ is of rank 2, (3.5) implies
that V · V = 0. In this case V and V a are all orthogonal light-like vectors and are therefore
parallel. One can then introduce a spacetime scalar function vAB(xµ) such that
V ABµ = v
ABVµ . (3.9)
In this paper we are interested in solutions generalizing already known solutions of the
(1, 0) truncation in which the Killing vector is necessarily of null type. We shall therefore
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disregard the possibility of a time-like Killing vector and will concentrate on the null type
in the remainder.
It will prove convenient to introduce
uAB =
1
2
(
ωAB + vAB
)
, (3.10)
such that ǫ¯AγµǫB = 2uABV µ. Moreover, since ǫ is of rank 2, one has the additional Fierz
identity
3ǫ[C ǫ¯Aγµǫ
B] = 0 , (3.11)
which implies after contraction with ωBC that (ǫ
A − uBAǫB)Vµ = 0 and hence
uB
AǫB = ǫA . (3.12)
Applying this result on the definition of uAB shows that
uA
CuC
B = uA
B , (3.13)
which means that the matrix uA
B is a rank 2 projector. In particular
vA
CvC
B = δBA , (3.14)
so that va is a norm 2 vector. One can also use the Fierz identity
γµǫAǫ¯Bγµǫ
C = −γµǫC ǫ¯BγµǫA (3.15)
to show that γµǫAǫ¯Bγµǫ
C is antisymmetric in A,B,C so that for a rank 2 ǫ
γ+ǫA ≡ VµγµǫA = 0 . (3.16)
The Fierz identity
ǫ¯AγσǫB ǫ¯Cγµνσǫ
D = ǫ¯BγσǫC ǫ¯Dγµνσǫ
D − 2ǫ¯Aγ[µǫB ǫ¯Cγν]ǫD − 2ǫ¯Cγ[µǫB ǫ¯Aγν]ǫD (3.17)
implies in the rank 2 case that
V σ
(
uABΩCDµνσ − uBCΩADµνσ
)
= 0 , (3.18)
so that
ιVΩ
AB = 0 . (3.19)
Moreover, from the rank 2 projection (3.12) it follows that
uC
AΩCB = ΩAB , (3.20)
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so that the symmetric tensor ΩAB admits only three independent components along the two
dimensional subspace defined by the projection uB
A.
Denoting the 1-form dual to V by e+, i.e. e+ = Vµdx
µ, one can always find a 1-form e−
dual to V µ, satisfying e−(V ) = 1, such that the space-time metric decomposes as
ds2 = 2e+e− − δijeiej , (3.21)
where ei, i = 1, . . . , 4, is an orthonormal frame of the four-dimensional space orthogonal to
e+ and e−. The orientation is fixed by ε+−ijkl = εijkl.
Finally, we also want to express the three-forms ΩAB in this basis. Using the property
(3.19) as well as their selfduality this decomposition reads
ΩAB = e+ ∧ IAB , (3.22)
where IAB = 1
2
IABij e
i ∧ ej are anti-selfdual two-forms with respect to the metric on the
four-dimensional base space. Using the Fierz identity
ǫ¯Aγµν
λǫB ǫ¯Cγσρλǫ
D = 2ǫ¯A)γ[σǫ
(C ǫ¯D)γρ]µνǫ
(B − 2ǫ¯A)γ[µǫ(C ǫ¯D)γν]σρǫ(B
+ 4ησ][µǫ¯
A)γλǫ(C ǫ¯D)γν]λ[ρǫ
(B − 8ησ][µǫ¯A)γν]ǫ(C ǫ¯D)γ[ρǫ(B + 2ηµ[σηρ]ν ǫ¯A)γλǫ(C ǫ¯D)γλǫ(B (3.23)
and contracting it with e+
µei
νe+
σej
ρ one obtains the identity
IABi
kICDjk = 4δij
(
uACuBD + uADuBC
)
+ 4uA)(CID)(Bij . (3.24)
It follows that IAB define an almost hyper-complex structure, i.e. a triplet of almost complex
structures satisfying the quaternion algebra. In a basis in which u12 = 1 is the only non-zero
component, the triplet is defined as 1
4
(I11 − I22), i
4
(I11 + I22),− i
2
I12. In particular, the IAB
define a complete basis of anti-selfdual forms and
1
16
IABijIAB
kl = δklij −
1
2
εij
kl . (3.25)
There is another useful Fierz identity
γνσǫC ǫ¯Aγµνσǫ
B = −8ǫ(Aǫ¯B)γµǫC + 3γµγνǫ(Aǫ¯B)γνǫC (3.26)
that allows to show that for the rank 2 spinor
IABij γ
ijǫC = 16uC(AǫB) (3.27)
so that the complex structures IAB rotate the spinor in the representation of SU(2) ⊂ USp(4).
Using the relation
{γµν , γσρ} = −4δσρµν + εµνσρκλγκλγ7 (3.28)
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with indices in the R4 basis one obtains
{γij, γkl} = −4δklij − 2εijkl(1− γ−γ+)γ7 , (3.29)
which acting on ǫA, gives
{γij, γkl}ǫA =
(−4δklij + 2εijkl) ǫA . (3.30)
It follows that
γijǫ
A = −1
2
εij
klγklǫ
A = −1
2
IABij ǫB . (3.31)
To summarise this section, we note that the projection (3.12) halves the number of spinors
to those of a (1, 0) theory. The additional projection (3.16) further reduces the number of
supersymmetries by a half, corresponding to 1/4 BPS in the (2, 0) theory (i.e. 1/2 BPS in
the (1, 0) truncation). The last constraint (3.31), instead, is only satisfied for a single spinor.
Therefore, we see already from the structure of the projectors that a consistent truncation
to (1, 0) supergravity emerges naturally. However, this analysis is clearly not enough to
guaranty that our solution is also a solution of (1, 0) supergravity. It will moreover be
necessary that the projection matrix uA
B is constant and also that all fields corresponding
to (1, 0) gravitini multiplets and (non-factorised) hyper-multiplets, notably some components
of GAB and PAB r, get consistently projected, too. We shall prove in the following that this
is indeed the case if the solution admits four Killing spinors satisfying the same conditions
(3.12) and (3.16).
3.2 Constraints from the Killing spinor equations
Gravitini variation
Let us first notice that the supersymmetry variation of the gravitini (2.21) implies
D−ǫ
A ≡ V µDµǫA = 1
2
GAB−ijωBCγ
ijǫC = 0 , (3.32)
since GAB−ij = V
µGABµij is selfdual as a two-form on the base space, see (A.13). Consequently,
we also have
∇−Vµ = D−uAB = D−ΩABµνρ = 0 . (3.33)
More generally, we obtain from the gravitini variation that
Dµ
(
uABVν
)
= 2V κGC[AκµνuC
B] − 1
2
G
C[A
µκλ
(
ΩC
B]
)κλ
ν
. (3.34)
To proceed, we split GAB into its component parallel and orthogonal to vAB,
GAB = vABG+ G˜AB , (3.35)
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such that vABG˜
AB = 0 and hence G = 1
4
vABG
AB. Let us now also decompose (3.34) into its
symplectic trace and its components parallel and orthogonal to vAB. Both the trace as well
as the component parallel to vAB give
∇µVν = −2V κGκµν , (3.36)
which means that V µ is a Killing vector and
dV = −4ιVG . (3.37)
Furthermore, if we denote the spin-connection by ω, (3.36) implies that
ωµν− − 2Gµν− = 0 . (3.38)
On the other hand, the part of (3.34) orthogonal to vAB reads
(
Dµu
AB
)
Vν = −V κG˜ABκµν −
1
2
G˜
C[A
µκλ
(
ΩC
B]
)κλ
ν
. (3.39)
This allows us to express the derivatives of the projector uAB in terms of G˜AB, in components
we find
D−u
AB = G˜AB−ij = 0 ,
D+u
AB = −1
2
G˜
C[A
+ij
(
IC
B]
)ij
,
Diu
AB = −G˜AB+−i − G˜C[A+−j
(
IC
B]
)
i
j ,
(3.40)
where the last equation is obtained by exploiting the (anti-)selfduality of G˜AB and IAB. On
the other hand, it also follows from (3.39) that
0 =
(
D+u
AB
)
Vi = G˜
AB
+−i + G˜
C[A
+−j
(
IC
B]
)
i
j , (3.41)
and hence
Diu
AB = 0 . (3.42)
Moreover, the selfduality of G˜AB and ΩAB implies that
(
D[µu
AB
)
Vν] = −V κG˜ABκµν , (3.43)
and therefore with the previous result we have
G˜AB+−i = 0 , (3.44)
and by selfduality also G˜ABijk = 0.
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In a similar fashion we obtain from the Killing spinor equation that
DµΩ
AB
κλρ = 6Gµσ[κ
(
ΩAB
)σ
λρ]
− 6G˜C(Aµσ[κ
(
ΩC
B)
)σ
λρ]
− 8G˜AC[µκλVρ]vCB − 6gµ[κG˜ACλρ]σV σvCB
= 6Gµσ[κ
(
ΩAB
)σ
λρ]
− 6G˜C(Aµσ[κ
(
ΩC
B)
)σ
λρ]
,
(3.45)
which implies that
DΩAB = 4V ∧ G˜ACvCB = 0 . (3.46)
From (3.45) we also find
D+I
AB
ij = −4G+k[i
(
IAB
)
j]
k + 4G˜
C(A
+k[i
(
IC
B)
)
j]
k ,
DiI
AB
jk = −4Gil[j
(
IAB
)
k]
l .
(3.47)
From the first equation in (3.47) we can compute(
D+u
AB
) (
IB
C
)
ij
= D+I
AC
ij − uBAD+IBCij = −2G˜AB+k[i
(
IB
C
)
j]
k . (3.48)
We now use (3.24) to infer that
(
D+u
AB
)
uB
C = − 1
48
(
D+u
AB
) (
IB
D
)
ij
(
ID
C
)ij
=
1
6
G˜AB+ij
(
IB
C
)ij
, (3.49)
which is in contradiction with (3.40) and hence
D+u
AB = 0 . (3.50)
Moreover, using this result in (3.40) gives
0 = G˜AB+kl
(
IB
C
)kl (
IC
D
)
ij
= −16G˜AB+ijuBD − 8G˜AB+k[i
(
IB
D
)
j]
k (3.51)
and since the second term vanishes due to (3.48) we obtain
G˜AB+ij = 0 . (3.52)
In summary, we found that
DuAB = G˜AB = 0 . (3.53)
Note also that for a normalised SO(5) vector vACv
BC = δBA there always exists a Λ(x
µ)B
A ∈
USp(4) such that
vAB(xµ) = Λ(xµ)C
AΛ(xµ)D
BvCD0 , (3.54)
for vAB0 constant. We can now use the local USp(4) invariance of the theory to transform all
fields by Λ−1. Hence, it is always possible to choose a USp(4) frame in which
∂µu
AB = 0 . (3.55)
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In particular, by means of (3.53) in this frame the USp(4) connection QA
B defined in (2.12)
stabilizes vAB, i.e.
QC
[AvB]C = 0 . (3.56)
Let us finally give the general form of G. (3.38) fixes already all its components expect
for G+ij. To determine also these remaining components we write (3.47) as
DµI
AB
ij = −4Gµl[i
(
IAB
)
j]
l . (3.57)
Using (3.24) and (3.25) this can be solved for Gµij ,
(ωµij − 2Gµij)− = 1
256
IAB ijIC
Akl∂µI
CB
kl +
1
4
IABij (Qµ)AB , (3.58)
where the superscript − denotes the anti-selfdual part in the indices ij as a two-form on the
base-space.
To write the solution more explicitly, it is convenient to introduce local coordinates
(v, u, xm), m = 1, . . . , 4 with v the coordinate associate to the null Killing isometry V = ∂v,
u the conjugate coordinate and xm local coordinates on the four-dimensional base space
such that δije
iej = f−1γmndx
mdxn. The general ansatz for the metric with V a null vector
is then [41]
ds2 = 2f(du+ β)
(
dv − 1
2
H(du+ β) + ω
)− f−1γmndxmdxn . (3.59)
Here, γmn is the (possibly ambipolar) metric on the four-dimensional base-space, f and H are
some functions and β = βmdx
m and ω = ωmdx
m are one-forms on the base space. In general,
all these objects depend on u and xm but not on v. Thus, the null vielbein introduced in
(3.21) reads
e+ = f(du+ β) , e− = dv − 1
2
H(du+ β) + ω , ei = f−1/2vi , (3.60)
where vi = vimdx
m is a vielbein of γmn. With these definitions it is convenient to introduce
the exterior derivative on the four-dimensional base space d˜ = dxm∂m and the derivative
D = d˜ − β∂u, as well as the Hodge star operator of the four-dimensional base space ⋆˜,
defined with respect to the metric γmn. Moreover, one can define a natural almost hyper-
Ka¨hler structure with respect to γmn by introducing
JAB = fIAB , (3.61)
or in components JABmn = I
AB
ij v
i
mv
j
m.
In these coordinates one can now compute the spin-connection ω and with (3.38) and
(3.58) one finds that G takes the form [41]
G =
1
4
[
−f−1e+ ∧ e− ∧ (Df − fβ˙)− fe− ∧Dβ
+ ⋆˜
(
Df−1 + f−1β˙
)
+ e+ ∧ ((Dω)− − f−2ψ)] , (3.62)
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where ψ is an anti-selfdual two-form on the base, defined by
ψ =
(
1
128
JmnAC ∂uJB
C
mn +
1
2
(Qu)AB
)
JAB . (3.63)
These results show for the gravitational multiplet sector that every supersymmetric con-
figuration is at the same time also a supersymmetric configuration of a (1, 0) theory, in
the sense that the tensor fields of the gravitino multiplets vanish. While G corresponds to
the selfdual three-form in the (1, 0) gravity multiplet, the remaining four components G˜AB,
which would be part of a (1, 0) gravitino multiplet, are consistently projected out.
Tensorini variation
We now carry over with the analysis of the tensor multiplet sector. Contracting the spin-1/2
variation (2.22) with ǫ¯B yields
24V µPAC rµ uC
B +
(
ΩAB
)µνρ
Grµνρ = 0 . (3.64)
Both terms transform in different representations of USp(4) and therefore must vanish inde-
pendently,
PAB r− ≡ V µPAB rµ = 0 . (3.65)
On the other hand, contracting (2.22) with ǫ¯Bγµν gives
8PAC r[µ uC
BVν] + 2P
AC r
κ
(
ΩC
B
)
µν
κ
+ 2Grκλ[µ
(
ΩAB
)
ν]
κλ − 4uABGrµνκV κ = 0 . (3.66)
As before for GAB, we split PAB r according to
PAB = vABP r + P˜AB r , (3.67)
such that vABP˜
AB r = 0 and hence P r = 1
4
vABP
AB r. The symplectic trace of (3.66) and its
component parallel to vAB read
V ∧ P r = −ιVGr . (3.68)
Therefore, Gr takes the general form
Gr = (1− ⋆) e+ ∧ e− ∧ P r + e+ ∧ F r(+) , (3.69)
where F r(+) are arbitrary selfdual two-forms on the four-dimensional base space, see also
(A.10). From the part of (3.66) which is orthogonal to vAB we infer that
P˜AC ri uC
B =
1
2
P˜AC rj
(
IC
B
)
i
j
. (3.70)
Let us finally notice that there is an integrability condition on (3.53) which reads
[Dµ, Dν ] u
AB = −4P˜AB r[µ P rν] = 0 . (3.71)
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3.3 Number of independent Killing spinors
In the previous section we have determined necessary conditions for the existence of a su-
persymmetric configuration of (2, 0) supergravity with a null isometry. In particular, they
resemble very closely the conditions for a supersymmetric configuration of (1, 0) theories. It
remains to verify that these conditions are also sufficient. In the following we consider spinors
ǫA satisfying the conditions (3.12) and (3.16), each reducing the number of supersymmetries
by a factor of 1/2, such that only four of the original sixteen supercharges are preserved.
The presence of hypermultiplet scalars P˜AB r will require another constraint on ǫA.
To determine if the previously determined conditions on PAB r and Gr are sufficient for
the existence of a solution of δχ = 0 we insert (3.69) back into (2.22). Using (3.16) and
(3.65) this gives
δχAr = iPAB ri ωBCγ
iǫC + iGr+−iγ
iǫA = iP˜AB ri ωBCγ
iǫC . (3.72)
For a single supersymmetry parameter, ǫA satisfies
γiǫA =
1
6
(
IAB
)
j
iγjǫB , (3.73)
so that the constraint P˜AB ri ωBCγ
iǫC = 0 is automatically satisfied. Notice that (3.73) is
equivalent to (3.31) and therefore always satisfied by the spinor from which IAB is defined.
On the contrary, if one has four preserved supercharges, with the four linearly independent
spinors ǫA satisfying (3.12) and (3.16), then one gets P˜AB ri = 0. In principle there may exist
intermediary solutions with only two or three independent supersymmetries and the P˜AB ri
are further constrained accordingly.
After inserting (3.53) into (2.21) the gravitino variation δψAµ = 0 reduces to
Dµǫ
A +
1
2
Gµνργ
νρǫA = 0 . (3.74)
Following [41, 42], this equation can be written as
∂µǫ
A − 1
4
(ωµνρ − 2Gµνρ) γνρǫA + (Qµ)B AǫB = 0 , (3.75)
and using (3.12) and (3.38) it becomes
∂µǫ
A − 1
4
(ωµij − 2Gµij) γijǫA + (Qµ)B AǫB = 0 . (3.76)
To proceed, we use (3.58) and obtain
∂µǫ
A − 1
4
[
1
256
IBC ijID
B kl∂µI
DC
kl +
1
4
IBCij (Qµ)BC
]
γijǫA + (Qµ)B
AǫB = 0 . (3.77)
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As for the (1, 0) theory [41], the solution to (3.24) can always be chosen up to an SU(2) ⊂
SO(4) local transformation on the frame ei such that the IABij are canonical constant coeffi-
cients, so that ∂µI
AB
ij = 0, and one gets
∂µǫ
A − 1
16
IBCij (Qµ)BCγ
ijǫA + (Qµ)B
AǫB = 0 . (3.78)
Once again this is automatically integrable in the two extreme cases discussed above. Either
one has only one supercharge satisfying (3.27), and after choosing a USp(4) gauge such
that (3.55) one obtains that this equation reduces to ∂µǫ
A = 0. If we have instead four
independent supercharges, then P˜ABi = 0 and thus (2.16) and (3.71) imply
dQB
A −QBC ∧QCB = 0 . (3.79)
Consequently, we can find a USp(4) gauge such that QB
A = 0 and obtain ∂µǫ
A = 0 again.
For the intermediary case with two or three Killing spinors one will get further constraints
on QB
A.
3.4 Equations of motion
Let us finally discuss the equations of motion and inspect under which conditions a supersym-
metric configuration, such that the supersymmetry variations of the fermionic fields vanish,
is also a solution of the equations of motion. It was found in [41–44] that a supersymmetric
configuration of a (1, 0) theory is automatically also a solution of its equations of motion if
moreover the three-form Bianchi identities are satisfied, as well as the ++ component of the
Einstein equations. All remaining equations of motion are already implied by the Killing
spinor equations. As we show in Appendix B the same holds true for the (2, 0) theories.
Under the previously determined conditions, the Einstein equations (2.17) reduce to
Rµν − 4GµκλGνκλ −GrµκλGνκλr − 4P rµPν r − P˜AB rµ P˜ν AB r = 0 , (3.80)
while the scalar equations of motion (2.18) split into
DµP rµ =
2
3
GµνρG
r µνρ , DµP˜AB rµ = 0 , (3.81)
and the Bianchi identities (2.20) give
dG = P r ∧Gr , DGr = 4P r ∧G , (3.82)
as well as
P˜AB r ∧Gr = 0 . (3.83)
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These equations resemble closely the corresponding equations of (1, 0) supergravity with an
additional constraint (3.83) that would trivially be satisfied in (1, 0) supergravity. How-
ever, P r and PAB r are still momenta of the full coset space SO(5, n)/(SO(5) × SO(n)),
and we must explicitly decompose this coset space into a tensor multiplet moduli space
SO(1, nT)/SO(nT) and a quaternionic Ka¨hler coset space SO(4, nH)/(SO(4) × SO(nH)) in
order to understand the solution in (1, 0) supergravity.
To proceed, we make use of the fact one can always write the coset representative V as
V = VTVH , with VT ∈ SO(1, n) and VH ∈ SO(4, n) . (3.84)
Here, VH carries the right rigid SO(5, n) index of V and a left local SO(5) × SO(n) vector
index, i.e. it takes the form
VH = (VHABI ,VHrI)T , (3.85)
while VT has only SO(5)× SO(n) indices, so its components are given by
VT =
(
VTABCD VTABs
VTrCD VTrs
)
. (3.86)
The underlined indices are associated to the ambiguity in the split of V, which we fix partially
by imposing the following conditions on VT and VH. According to the previously introduced
notation we take the USp(4) frame in which vAB is constant and decompose VT as
VTABCD = vABVTCD + V˜TABCD , (3.87)
with
VTAB = 12vABVT , V˜TABCD = δ[AC δB]D − 14ωABωCD − 14vABvCD , (3.88)
where the components of ωAB and vAB are the same as those of ωAB and vAB, and we only
keep the underlined indices to recall that they are associated to the spurious SO(5)×SO(n)
that we have introduced in the splitting (3.84). The remaining components of VT satisfy
VTABr = vABVTr , VTrAB = 12vABVTr , (3.89)
while VTrs is unconstrained. Notice, that VT ∈ SO(1, n) implies
4VTVT − VTrVTr = 1 , 4VTVTr − VTrVTrr = 0 , 4VTrVTs − VTrrVTrs = −δrs . (3.90)
Similarly, we decompose VH according to
VHABI = 14vAB vI + V˜HABI , vABV˜HABI = 0 , (3.91)
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such that vI is a constant SO(5, n) vector of norm 2. In particular, this decomposition
implies
1
4
vIvJ + V˜ABH I V˜HAB J − VHrIVHr J = ηIJ . (3.92)
Notice, that VH and VT are defined only up to an arbitrary local SO(n) transformation acting
on the underlined indices.
Following this decomposition, we can now compute
2QC
[AvB]C = −4δACδBDPCD rH VTr , (3.93)
where PAB rH denotes the respective component of the Maurer–Cartan form of VH. Hence,
DvAB = 0 implies
VTrPAB rH = 0 . (3.94)
Using this result we determine the various other components of the Maurer-Cartan form.
For the USp(4)-part of the composite connection (2.12) we find
QA
B = δAAδ
B
BQHA
B , (3.95)
which we shall abbreviate as QHA
B, while the SO(n) part of the connection reads
Qrs = QrsT + VTrrQrsH VTss . (3.96)
For PAB r, on the other hand, we find
P r = P r
T
− VTrsQstH VTt , (3.97)
and
P˜AB r = VTrrδACδBDPCD rH . (3.98)
One can show that (3.97) and (3.98) together with (3.94) satisfy (3.71). Moreover, we find
DµP˜
AB r
ν = VTrrδACδBDDHµPCD rH ν , (3.99)
where DH denotes the covariant derivative with respect to only QH. The second equation in
(3.81) is thus equivalent to
Dµ
H
PAB r
Hµ = 0 , (3.100)
and indeed describes (1, 0) hypermultiplet scalar fields parametrising the quaternionic Ka¨hler
manifold SO(4, n)/(SO(4) × SO(n)). However, due to the mixing with QH in (3.97), P r
does not directly correspond to scalars on a coset space of the form SO(1, n)/SO(n). In
particular the first equation of (3.81) depends non-trivially on both VT and VH, which is not
the case in a genuine (1, 0) theory. Instead, the scalar geometry is described by a fibration
of SO(1, n)/SO(n) over SO(4, n)/(SO(4)× SO(n)).
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To continue the discussion of the tensor multiplet sector, let us furthermore rewrite the
constraint G˜AB = 0 as
G˜AB = V˜TABCDVHCDIGI = δACδBDV˜HCDIGI = 0 . (3.101)
It follows using (3.92) that
− VHr IVHr JGJ = (δIJ − 14vIvJ)GJ . (3.102)
Therefore, −VHr IVHr J acts on GI as the constant projection onto the subspace orthogonal
to the constant vector vI . Moreover, because VHrIVHr J is by construction a positive defi-
nite matrix, one can define this projection as a manifestly positive constant matrix vrIvrJ .
Moreover, one checks that VHrIvsI acts as an SO(n) rotation on VHr JGJ , so that one can use
the local SO(n) invariance to choose VHr J such that VHrJGJ = vrJGJ . The set of matrices
(vI , v
r
I) satisfies by construction(
1
4
vIvJ − vrIvr J
)
GJ = ηIJG
J , (3.103)
and one chooses the constant matrices vrI of lowest possible rank nT such that this identity
holds for all GI at all points in spacetime. By definition, nT is the dimension of the span of
VHrIGI in Rn. The set of matrices (vI , vrI) then define a constant metric of signature (1, nT)
ηTIJ ≡ 14vIvJ − vrIvr J , (3.104)
which acts trivially on GI , i.e.
ηTIJG
J = ηIJG
J . (3.105)
ηTI
J = ηTIKη
JK then defines a projector onto a subspace of dimension 1 + nT. One can verify
that vI and vrI are orthogonal in this subspace, so
vrIv
I = 0 , vrIv
s I = −δrs
T
, (3.106)
where δrsT is a rank nT projector that satisfies G
r = δrsT Gs. Therefore, we can define
VTI ≡ VTvI + VTrvrI , VTrI ≡ VTrvI + VTrsvsI , (3.107)
satisfying
4VTIVTJ − VTrIVTr J = ηTIJ . (3.108)
By construction we have
G = VTIGI , Gr = VTrIGI . (3.109)
and hence we would like to identify (VTI ,VTrI) with the tensor multiplet coset representative.
However, this would require P r
T
= −ηIJ
T
VTrIdVTI which would only be valid if δrsT dVTs = dVTr,
but this does not need to be true in general.
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This will be true if we suppose the additional constraint
VTrQrsH = 0 , (3.110)
which is together with (3.94) equivalent to
VTr ∂µVHrI = 0 . (3.111)
This conditions implies that the tensor and the hypermultiplets are locally defined in or-
thogonal subspaces. In particular, one obtains then that they decouple and P r = P rT as well
as DµP
r
ν = DTµP
r
T ν . Hence, the first equation in (3.81) becomes
Dµ
T
P r
Tµ =
2
3
GµνρG
r µνρ . (3.112)
Moreover, it now follows from (δrs − δrsT )Gs = 0 in combination with the supersymmetry
conditions (3.62) and (3.69) that (δrs − δrsT )DVTs ∝ (δrs − δrsT )VTs. The only solution to this
relation is (δrs − δrsT )VTs = 0 and hence
P r
T
= −4VTrdVT + δstT VTrsdVTt = −ηIJT VTrIdVTJ . (3.113)
Therefore, under the assumption that (3.110) is satisfied, we can indeed identify (VTI ,VTrI)
with the tensor multiplet coset representative. It is then convenient to introduce
MTIJ = 4VTIVTJ + VTrIVTrJ , (3.114)
so
⋆ GI = M
T
IJG
J , (3.115)
and the Einstein equations take the form
Rµν − 4δrsP rT µP sT ν −MTIJGIµκλGJνκλ − δrsPAB rH µPHrAB ν = 0 . (3.116)
We have thus shown that (3.110) is a sufficient condition for a supersymmetric solution of
(2, 0) supergravity to satisfy the equations of motions of (1, 0) supergravity.
We shall see in the next section that in the special case of P˜AB ri = 0, i.e. when the
hypermultiplets only depend on the coordinate u, one can choose a gauge in which (3.110)
is indeed satisfied. This is also the case if the the moduli space factorises completely, i.e. if
δrs
T
dVTs = dVTr , δrsT dVHsI = 0 , (3.117)
in which case one can simply take vrI = δ
rs
T VHsI which is constant.
21
3.5 Solutions with four supercharges
We found in Section 3.3 that a generic solution with a light-like isometry preserves only
one supersymmetry. In the following, let us however focus on solutions preserving four
independent supersymmetries, i.e. 1/4 BPS solutions, which are only constrained by (3.12)
and (3.16). From the discussion of the tensorini variation we know that in this case
P˜AB ri = 0 , (3.118)
and the only component of P˜AB r which can be possibly non-vanishing is P˜AB r+ . This com-
ponent of PAB r is projected out of (2.22) by (3.16) and is therefore unconstraint by the
supersymmetry variations. Notice that (3.118) is equivalent to PAB rH i = 0 according to
(3.98). Moreover, as discussed at the end of Section 3.3, (3.118) implies that QA
B is locally
pure gauge and hence can be chosen to vanish.
However, there is an integrability condition on (3.118) that can be used to further con-
strain P˜AB r+ . For this purpose we use the explicit split VABI = vABVI + V˜ABI to rewrite
(3.65) and (3.118) as
D−VABI = DiV˜ABI = 0 , (3.119)
which follows from (2.15) and (3.53). Again, D+V˜ABI is a priori unconstraint. The Frobenius
integrability condition for (3.119) reads
[ei +Qi, ej +Qj ] V˜ABI = P r[iCDP rj]D[AV˜B]CI + [ei, ej]µDµV˜ABI , (3.120)
where ei+Qi is the vector field ei acting as a Lie derivative plus the USp(4) connection along
ei. Firstly, we notice that (3.118) implies
P r[iACP
r CB
j] = −P[iPj]δBA = 0 . (3.121)
Moreover, the commutator between two frame vector fields ei
µ can be expressed in terms of
the spin-connection ω, so (3.120) reduces to
[ei +Qi, ej +Qj ] V˜ABI = 2ωij+D+V˜ABI . (3.122)
Hence, P˜AB r+ can only be non-trivial if ωij
+ = 0.
For the general supersymmetric metric (3.59) this component of the spin-connection
reads [41]
ωij− = −1
2
f(Dβ)ij , (3.123)
where (Dβ)ij was introduced below (3.59). f
−1γij is a regular metric on the base space,
and the function f can only vanish on measure zero surfaces interpreted as evanescent er-
gosurfaces [57]. The condition ωij
+ = 0 therefore requires Dβ = 0 by continuity. One can
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interpret β(x, u) as a connection over the four-dimensional base of a Virasoro group acting
on the circle parametrized by u. Dβ is then its field strength and for Dβ = 0, β is a flat
connexion which is locally pure gauge and can be written as
β(x, u) =
∂mα(x, u)
1 + ∂uα(x, u)
dxm . (3.124)
Thus, such a flat connection β can always be reabsorbed by a change of coordinate u →
u− α(x, u) and a redefinition of the function f .
To summarize, we can distinguish two branches of solutions. The first is characterised
by Dβ 6= 0 which in turn enforces
P˜AB r+ = 0 , (3.125)
so there are no (1, 0) hypermultiplets. On the second branch we have β = 0 and P˜AB r+ is
unconstrained. The corresponding equation of motion (3.81) reads
DµP˜AB rµ = D−P˜
AB r
+ = 0 , (3.126)
and is identically satisfied.
Let us finally discuss the implications of (3.118) on the split of the coset representative
(3.84). In particular, since VTrs is an invertible matrix, we find from (3.98) that PAB rH i = 0
and therefore
PAB r
H
∧ PCD s
H
= 0 . (3.127)
Consequently, the curvature of QH vanishes and we can choose a gauge such that
QH = 0 , (3.128)
and in which VH is a function of u only. This condition implies (3.110), therefore, according
to the discussion of the preceding section, every solution with four supercharges is a solution
of a (1, 0) theory, where the hypermultiplet scalars are arbitrary functions of u, satisfying
pointwise the algebraic constraints (3.94) and (3.101).
4 Microstate geometries
Let us now come back to the discussion of microstate geometries and their dependence on
the moduli parametrizing SO(5, n)/(SO(5)× SO(n)), for n = 5 or 21. It is convenient for
the microstate geometry interpretation to write the metric (3.59) as
ds2 = −fH(du+ β −H−1(dv + ω))2 + f
H
(dv + ω)2 − f−1γmndxmdxn . (4.1)
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such that one can identify u as the coordinate of a circle fibered over a five-dimensional
pseudo-Riemannian spacetime. The microstate geometry generically depends non-trivially
on the circle coordinate u, but asymptotically the leading contributions to the metric are
constant on the circle, and the metric approaches the one of a black hole solution for which ∂u
is an isometry. The metric field (4.1) of the black hole solution can therefore be decomposed
into an additional dilaton Ry = fH , a vector field A
3 = β −H−1(dv + ω), and the Einstein
frame metric of the five-dimensional spacetime
ds 2BH5 =
(
f 2
H
) 2
3
(dv + ω)2 −
(
H
f 2
) 1
3
γmndx
mdxn . (4.2)
For a five-dimensional black hole one takes the asymptotic value of f
2
H
to be one. The
isometry coordinate v can then be interpreted as the asymptotic time coordinate t of the
black hole solution. The typical example is the D1-D5-P BMPV black hole [58] with
γmn = δmn , H = 1 +
Q3
|x|2 , f =
1√
Z1Z2
, ZI = 1 +
QI
|x|2 , β = 0 , (4.3)
and ω a harmonic 1-form on R4 with anti-selfdual exterior derivative,
ω = J+mn
xmdxn
|x|4 , (4.4)
which carries the selfdual angular momentum J+mn. The microstate geometries associated
to such a five-dimensional black hole admit the same asymptotic fall-off for the gauge fields
and the metric, and in particular γmn is asymptotically Euclidean.
The most important example of a microstate geometry is probably the superstratum
solution [21,22,25,59]. This class of solutions is a deformation of a supertube solution with a
circular profile [10]. The supertube solution is defined for a general closed parametric curve
fm(s) in R4 such that
γmn = δmn , H = 1 , f =
1√
Z1Z2
,
Z2 = 1 +Q2
∫ 2pi
0
ds
2π
1
|x− f(s)|2 , Z1 = 1 +Q2
∫ 2pi
0
ds
2π
|f ′(s)|2
|x− f(s)|2 ,
ωm = Q2
∫ 2pi
0
ds
2π
fm(s)
|x− f(s)|2 , dβ = (1 + ⋆˜)dω , (4.5)
with the identification of the coordinates as v = t and u = y + t, which defines t as a time
coordinate in six dimensions.3 The identification of either u or y as the periodic coordinate
3The conventional choice is rather to take v = t−y
2
, u = y+t and H = 0 [21,22,25,59], which is equivalent,
but we prefer to keep this definition because this change of variables is not a well defined diffeomorphism,
as it shifts the time coordinate by a periodic variable.
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along which both the D1 and the D5 branes are wrapped is consistent since a v-independent
function that is periodic in u→ u+2πRy is also periodic in y → y+2πRy. The superstratum
solutions are obtained by solving the system iteratively when the functions ZI are deformed
by functions of u and xm, starting from a set of selfdual forms ΘI over R4 depending peri-
odically on u. The function H then becomes non-trivial and reproduces asymptotically the
fall-off of the BMPV black hole solution H ∼ 1+ Q3
|x|2
+O(|x|−3) for some Q3 determined by
the original deformation. The superstratum solutions generally inherit from the supertube
the property that both five-dimensional angular momenta do not vanish, and that there
is a magnetic dipole associated to β. It has been shown in [25] that the selfdual angular
momentum can be pushed below the regularity bound for the black hole solution, whereas
the anti-selfdual component is non-zero and therefore necessarily remains over the regularity
bound since it must vanish for the black hole solution.
For a four-dimensional black hole one must take the metric γmn to be asymptotically
Taub-NUT, with an additional compact S1 fibered over R3. The equivalent of the super-
stratum solution has not been constructed explicitly in this case.
For a globally hyperbolic metric, one requires moreover that the isometry coordinate v
defines a null foliation of spacetime over a Riemannian base space, such that the 1-form field
ω is globally defined over the base space and the pullback metric on a leaf B of the foliation
defines the Riemannian metric
ds 2B = fH
(
du+ β − ω
H
)2
+ f−1γmndx
mdxn − f
H
ω2 . (4.6)
In particular fH > 0 and f−1γmn − fHωmωn > 0 everywhere on B. Note that this is
equivalently a time-like foliation over the same Riemannian base space B after the change of
variable u = y + t.
As we have seen in the preceding section, supersymmetric solutions of the (2, 0) theory
preserving the same supersymmetry as the BMPV black hole are necessarily solutions in a
(1, 0) theory. IfDβ 6= 0, the hypermultiplet scalar fields must be constant, while if β = 0 they
can be arbitrary functions of the coordinate u which do not depend on the four-dimensional
base space coordinates xm. However, one may anticipate that this kind of solution with
non-trivial hypermultiplet profile cannot lead to a regular microstate geometry since the
hyper-multiplet scalar fields are not constant at asymptotic infinity, but oscillate instead
along the circle parametrized by the coordinate u. In the absence of hypermultiplets, the
system of equations can be solved as in [21, 22, 50]. Here we shall discuss the case β = 0,
and for simplicity we shall assume that γmn does not depend on the coordinate u. Using
the property that one can choose a gauge such that the coefficients IABij are constants, one
concludes directly that the 4-dimensional manifold of metric γmn is hyper-Ka¨hler.
One can always parametrize the tensor multiplet scalar fields by projective coordinates
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such that
VTI =
ZI√
(Z,Z)
, where (Z,Z) = ηIJT ZIZJ , (4.7)
and therefore
MTIJ = VTIVTJ + δrsVrT IVsTJ = 2
ZIZJ
(Z,Z)
− ηTIJ , (4.8)
where ηTIJ is the restriction of the even-selfdual metric to the sublattice of signature (1, nT)
with nT ≤ n, introduced in (3.104).
Exploiting the remaining freedom in the definition of ZI , one can always define the scaling
factor f such that
f 2 =
2
(Z,Z)
. (4.9)
Using these definitions, one computes that the coset momentum satisfies
δrsVrT IPTµs = ∂µ
ZI√
(Z,Z)
= −
√
2f−1δrsVrT IVsTJηJKT ∂µ
ZK
(Z,Z)
. (4.10)
Using (3.62) and (3.69), one concludes that in an appropriate gauge, the 2-form fields can
be written as
BI =
1
2
√
2
(
2ηIJ
ZJ
(Z,Z)
du ∧ (dv + ω) + AI ∧ du+ bI
)
, (4.11)
where AI are 1-forms and bI 2-forms on the 4-dimensional base space. The field strength GI
are then
GI =
1
2
√
2
[
2ηIJ d˜
ZJ
(Z,Z)
∧ du ∧ (dv + ω) +
(
d˜AI + b˙I − 2ηIJ ZJ
(Z,Z)
d˜ω
)
∧ du+ d˜bI
]
,
(4.12)
where b˙I = ∂ub
I . From the selfduality of ZIG
I and the anti-selfduality of (ZIZJ
(Z,Z)
− ηIJ)GJ ,
one obtains that
dbI = ⋆˜dZI , (1 + ⋆˜)(2d˜ω − ZIΘI) = 0 ,
(
ZIZJ
(Z,Z)
− ηIJ
)
(1− ⋆˜)ΘJ = 0 , (4.13)
where one defines for convenience
ΘI = d˜AI + b˙I . (4.14)
As in [50], we further assume that all the ΘI are selfdual, such that one gets
d˜ω + ⋆˜d˜ω = ZIΘ
I , (1− ⋆˜)ΘJ = 0 . (4.15)
Then the last equation that remains is the Einstein equation along the null coordinate u
0 = R++ −MIJGI+ijGJ+ij − 4δrsP+rP+s − δrsP˜AB r+ P˜+ABs (4.16)
=
1
2
⋆˜ d˜ ⋆˜ (d˜H + 2ω˙) +
1
4
ηIJΘ
I ∧ΘJ − (Z, Z¨)− 1
2
(Z˙, Z˙) +
(Z,Z)
2
V˙ABIH V˙HABI ,
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where VHABI only depends on the u coordinate.
We therefore retrieve the same system of equation as in [21,22] at β = 0, with additional
arbitrary functions VHABI that further source the Laplace equation for the function H . The
system can be solved in steps starting from a given hyper-Ka¨hler metric γmn. One first
finds u dependent harmonic functions ZI on the four-dimensional base. Then, one can solve
dbI = ⋆˜ tdZI for the 2-forms b
I and determines the vector fields AI such that the ΘI are
selfdual, up to arbitrary harmonic vectors of selfdual field strength. The 1-form ω can be
solved modulo a harmonic form of anti-selfdual field strength. Finally, one needs to solve
the Laplace equation with source for the function H .
However, one can easily convince oneself that there is no regular solution of this kind
which is asymptotically R1,4 × S1 or R1,3 × T 2. In the asymptotic region ω˙ and ηIJΘI ∧ΘJ
must fall off rapidly, so that ∆˜H is sourced by a non-zero positive function of the coordinate
u which is constant in xm. It follows directly that H is singular and that the solution is not
a smooth geometry.
5 Charge quantization
The five-dimensional base space metric (4.6) generically does not admit any isometry. As a
Riemannian space, it admits a third homology group H3(Z) of compact cycles, and the flux
quantization imposes that for any homology cycle Σ ∈ H3(Z) one has
1
8
√
2π2
∫
Σ
GI = QIΣ ∈ Λ5,n , (5.1)
where Λ5,n is the even-selfdual lattice of integral vectors of SO(5, n). For n = 5 one has
Λ5,5 = II5,5, the standard Lorentzian lattice, while Λ5,21 = II5,5 ⊕E8 ⊕ E8 for n = 21.
For a given choice of primitive cycles ΣA ∈ H3(Z) such that any Σ = nA(Σ)ΣA for some
integers nA(Σ), the solution admits the corresponding set of primitive fluxes
1
8
√
2π2
∫
ΣA
GI = QIA ∈ Λ5,n , (5.2)
which must individually be quantized in Λ5,n. There is always at least one cycle at infinity
Σ∞ that defines an S
3 (or more generally a Lens space for a four-dimensional black hole)
embedded in the four-dimensional base space parametrized by the coordinates xm. For a
five-dimensional black hole solution, this asymptotic S3 is homotopic to the horizon of the
black hole, and
1
8
√
2π2
∫
Σ∞
GI = QI ∈ Λ5,n (5.3)
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are the NS and RR charges of the black hole in Λ5,n. The typical example is the D1-D5
system, in which Q = (Q1n, Q5n) for a primitive vector n ∈ Z5 that can be chosen to be
n = (1, 0, 0, 0, 0) in the appropriate basis. The so-called large black hole, with a macroscopic
horizon area, must also include a momentum Q3 along the circle parametrized by u, which
can be interpreted as an electric charge for the vector potential A3 = β − H−1(dv + ω) in
five dimensions.
In this paper we consider supersymmetric solutions with a null isometry ∂v. We will
now show that the quantization condition implies that, at a generic point in moduli space,
all charges QIA must be proportional to the total charge Q
I . For this we use the fact that
the equations are invariant under SO(5, n). The stabilizer of the charge Q of a super-
symmetric black hole (Q1Q5 > 0) is SO(4, n). We have seen in the previous section that
all solutions with the same supersymmetry as the five-dimensional black hole (respectively
four-dimensional) can be obtained from solution of a (1, 0) theory with no hypermultiplets.
If one starts from a given embedding of the (1, 0) theory in the (2, 0) or (2, 2) theory in
which the scalar fields parametrize SO(1, n), one can obtain any values of the asymptotic
scalar fields using the property that any element of V ∈ SO(5, n) can be written as V0g−1
with V0 ∈ SO(1, n) the tensor multiplet coset representative and g ∈ SO(4, n) a constant
group element. All the fields of the theory are then defined from the (1, 0) solution and the
constant group element g. In the notations introduced in Section 3.4, one can define this
embedding from the projection ηTI
J such that for a specific choice of metric η0IJ in the (1, 0)
theory
ηTIJ = gI
KgJ
Lη0KL . (5.4)
In particular, the 3-form field strengths are
GI = gIJG
J
0 , (5.5)
so that the charges associated to the basis of primitive cycles ΣA are
QIA =
1
8
√
2π2
∫
ΣA
GI =
1
8
√
2π2
∫
ΣA
gIJG
J
0 = g
I
JQ
J
A0 (5.6)
where QA0 is valued in the vector space Λ1,n⊗R. Notice, that supersymmetry indeed requires
the solution to be defined in the (1, 0) truncation. The original solution, however, has no
physical significance so one should only quantize QA and not the original charges QA0. To
understand the set of charges that is allowed, one must find the intersection of
g(Λ1,n ⊗R) ∩ Λ5,n . (5.7)
We shall find that for a generic g this intersection is the one-dimensional lattice of charge
vectors proportional to Q.
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One considers a solution with total charge Q = (Q1n, Q5n) for a primitive vector n ∈ Z5
that could be chosen to be n = (1, 0, 0, 0, 0). One defines the SO(5, 5) element g(u) for a
real vector u ∈ R5 orthogonal to n,
g(u) =
(
1+ u× n⊺ −Q1
Q5
(
u× n⊺ − (n+ |n|2u)× u⊺)
0 1− n× u⊺
)
, (5.8)
such that it stabilizes the charge Q,
g(u)
(
Q1n
Q5n
)
=
(
Q1n
Q5n
)
. (5.9)
The charges QA0 of the (1, 0) truncation belong to the real extension of the lattice Λ1,5 =
II1,1 ⊕ A 41 , where the first factor is parametrized by (q1n, q5n) ∈ II1,1, while one can
parametrize the A 41 component by a vector (q,−q) with q ∈ Z4 orthogonal to n. We
shall consider q1, q5 and q to be real since they do not define the quantized physical charges.
The physical charge is defined after the action of g(u) as
g(u)
(
q1n+ q
q5n− q
)
=
(
(q1 +
Q1
Q5
u · q)n+ q+ u|n|2(q1 − Q1Q5 (q5 − u · q))
(q5 + u · q)n− q
)
. (5.10)
For the resulting charge to be in the lattice Λ5,5, one needs that
q ∈ Z5 mod n , q5 + u · q = q′5 ∈ Z , q1 + Q1Q5u · q = q′1 ∈ Z , (5.11)
and therefore also
u|n|2
(
q′1 − Q1Q5 q′5 +
Q1
Q5
u · q
)
∈ Z5 . (5.12)
If u is generic in R4, there is no vector x ∈ Q4 such that x · u ∈ Q, except x = 0. Thus,
if one component of u
(
q′1 − Q1Q5 q′5 +
Q1
Q5
u · q) is an integer, then the others cannot be integer
unless they all vanish. One finds therefore that the only solution is the trivial one for which
q = 0 and Q5q1 = Q1q5. This means that the lattice of allowed charges is generated by
Q/gcd(Q1, Q5).
One can similarly find an SO(5, 21) group element g(u,v) stabilizing Q with u ∈ R5
such that u · n = 0 and v ∈ (E8 ⊕ E8)⊗R, so that
g′(u,v)


q1n+ q
q5n− q
p

 =


q1n+ q+ u
(
k(v,p)− 1
2
k(v,v)u · q)
q5n− q
p− v (u · q)


=


q1n+ q+ u
(
k(v,p′) + 1
2
k(v,v)u · q)
q5n− q
p′

 . (5.13)
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Here k denotes the Killing Cartan form on the root lattice E8⊕E8. One obtains the similar
condition that
u
(
k(v,p′) + 1
2
k(v,v)u · q) ∈ Z5 , (5.14)
with p′ ∈ E8 ⊕ E8 and q ∈ Z4, so that for generic u and v the only allowed solution
is q = p = 0. Combining two elements of the form g(u)g′(u′,v) as defined above, one
arrives at the conclusion that the only allowed charges are proportional to the total charge
Q/gcd(Q1, Q5).
6 Conclusions
In this paper we studied supersymmetric solutions of (2, 0) supergravity in six dimensions.
The spinors are defined in a real R4×4 vector space inside the C4×4 tensor product repre-
sentation of SU∗(4) and USp(4). A Killing spinor is at least rank 2 as such a four by four
matrix, and for any given rank 2 spinor one can decompose R4×4 into four R2×2 orthogonal
components using (3.12) and (3.16). Supersymmetric black hole solutions in R1,4 × S1 and
R1,3×T 2 with four Killing spinors have their four Killing spinors in the same R2×2 subspace.
We proved that all supersymmetric solutions with four Killing spinors of this type are also
solutions of a (1, 0) theory with the same preserved supersymmetries.
This result has a direct consequence for the search of microstate geometries within
Mathur’s proposal. We exhibit that smooth solutions with the same four supersymmetries
as BPS black holes are also solutions of a (1, 0) theory with hypermultiplet scalar fields that
only depend on the coordinate parametrising the circle at infinity. It follows therefore from
the asymptotic behaviour of these solutions that smooth microstate geometries only exist
if the hypermultiplet scalar fields are constant. We conclude that all such solutions can be
obtained from solutions of standard (1, 0) supergravity involving tensor multiplets only.
The same proof applies to maximal supergravity if one disregards the vector fields. In
principle it is possible that solutions involving the vector fields would allow for more general
solutions than the ones that can be constructed in a (1, 0) theory. But one does not expect the
black hole microstate realisation of supersymmetric D1-D5-P black holes to be qualitatively
different on T 4 and on K3, so it is difficult to believe that including the vector fields of (2, 2)
supergravity could drastically change the conclusion.
Moreover, we infer from this result that microstate geometries with appropriately quan-
tised fluxes in six dimensions cannot exist at a generic point of the (2, 0) supergravity mod-
uli space unless all the three-form fluxes are proportional to the total flux of the solution.
Multi-cycle solutions that define bound states, in the sense that one cannot move the vari-
ous cycles apart without changing the moduli or the flux they carry, only exist when their
fluxes are linearly independent [5,12–19]. Supersymmetric solutions where the various cycles
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can freely be moved in spacetime are understood to describe multi-centre black holes of the
Papapetrou–Majumdar type [60,61], and are therefore not relevant for microstate geometries
of a single black hole solution. Furthermore, single-centre black holes exist everywhere in
moduli space [62], the same must hence be true for their microstate geometries. We conclude
therefore that all microstate geometries which are relevant for the description of single-centre
black holes can only carry one single cycle.
This therefore rules out the possibility that multi-bubble solutions are admissible black
hole microstate geometries. Instead, it suggests that one must concentrate on supertube-like
solutions as the superstratum. Our findings are also consistent with previous results on the
D1-D5 orbifold conformal field theory, since only supertube-like solutions seem to admit a
holographic description within this framework [63–66].
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A Conventions
The USp(4) invariant tensor ωAB satisfies
ωACω
BC = δBA . (A.1)
It is used to raise and lower indices according to
XA = ωABXB , XA = X
BωBA . (A.2)
USp(4) is locally isomorphic to SO(5). In particular, its antisymmetric traceless representa-
tion agrees with the vector representation of SO(5). Explicitly, every vector Aa, a = 1, . . . 5,
of SO(5) can be transformed into an antisymmetric symplectic traceless USp(4) tensor AAB
with the help of the Γ-matrices of SO(5), i.e.
AA
B =
1
2
Aa(Γa)A
B . (A.3)
Therefore, as a direct consequence of the anticommutation relation of the Γa, any two anti-
symmetric tensors AAB and BAB of USp(4) satisfy the identity
AACB
BC +BACA
BC = 1
2
ACDB
CDδBA . (A.4)
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We use a ‘mostly negative’ spacetime signature,
ηαβ = diag(+1,−1,−1,−1,−1,−1) . (A.5)
The chirality projector γ7 is given by
γ7 = γ012345 , (A.6)
and the supersymmetry parameter ǫA is anti-chiral,
γ7ǫ
A = −ǫA . (A.7)
Hodge duality acts on the γ-matrices as
γµ1...µn =
(−1)⌊n2 ⌋
(6− n)!ε
µ1...µnν1...νpγν1...νpγ7 . (A.8)
Moreover, for a selfdual three-form G+ = ⋆G+ it follows that
G+µνργ
µνρǫA = 0 . (A.9)
The general expansion of an (anti-)selfdual three-form G± = ± ⋆ G± with respect to the
null frame (3.21) reads
G± = e+ ∧A∓ + e− ∧B± + (1± ⋆)e+ ∧ e− ∧ C , (A.10)
where A± = 1
2
A±ije
i ∧ ej and B± = 1
2
B±ije
i ∧ ej are (anti-)selfdual two-forms with respect to
−δij , i.e. ⋆4A± = ±A± and C = Ciei.
In the null frame (3.21) we introduce the four-dimensional chirality matrix:
γ∗ = γ1234 . (A.11)
A relation analogous to (A.8) holds for the four-dimensional γ-matrices. Moreover, the
projection (3.16) is equivalent to
γ∗ǫ
A = ǫA . (A.12)
Thus it follows that
A+ijγ
ijǫA = 0 , (A.13)
for every selfdual two-form A+.
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B Integrability conditions
The gravitini Killing spinor equation (2.21) implies the integrability condition(
Rµνκλδ
A
Bγ
κλ + 8P[µBC rP
AC r
ν] + 4D[µG
AC
ν]κλωCBγ
κλ − 2GACκλ[µGDEν]γδωCDωEBγκλγγδ
)
ǫB = 0 .
(B.1)
After contracting this with γµ we obtain[
2ωABEµνγ
ν +
2
3
VABIEIµνκλγνκλ + 4VABI(⋆EI)µνγν
]
ωBCǫ
C
+ i
[
8PAC rµ ωCB +
1
3
Grνκλγ
νκλγµδ
A
B
]
δχB r = 0 ,
(B.2)
where Eµν and E
I are defined in (2.17) and (2.19) and represent the Einstein equations and
the equations of motion of the two-form fields. Therefore, if the Bianchi identity (2.20) for
GAB is satisfied, the integrability condition reduces to
Eµνγ
νǫA = 0 , (B.3)
and by multiplying with ǫ¯Bγκλ from the left we find
Eµ[κVλ] = 0 , (B.4)
or equivalently
Eµ− = Eµi = 0 . (B.5)
So all but the ++ component of the Einstein equations follow from the Killing spinor equa-
tion.
There is another integrability condition for the tensorini variation (2.22) which reads
− iγµDµδχAr =
[
EAB rωBC +
1
2
VrI(⋆EI)µνγµνδAC
]
ǫC +
i
6
GABµνρωBCγ
µνρδχC r = 0 , (B.6)
with EAB r and EI from (2.18) and (2.19). Consequently, if the Bianchi identity (2.20) for
Gr holds, also the scalar equation of motion is implied by the Killing spinor equations.
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